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Abstract
In this paper, the notion of affinelike set-valued maps is introduced and some properties of these
maps are presented. Then a new Hahn–Banach extension theorem with a K-convex set-valued map
dominated by an affinelike set-valued map is obtained.
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1. Introduction
The Hahn–Banach extension theorem plays a central role in optimization theory. Gener-
alizations and variants of the Hahn–Banach theorem were developed in different directions
in the past. Early in the sixties, Day [1] generalized the Hahn–Banach extension theorem
to the partially ordered linear space. Later, the equivalence of the Hahn–Banach extension
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In recent years, Hirano et al. [4] proved the Hahn–Banach extension theorem in which a
concave functional is dominated by a sublinear functional in a nonempty convex set by us-
ing a theorem of Fan on a system of convex inequalities. Chen and Craven [5] proved two
Hahn–Banach extension theorems for vector-valued functions and used a Hahn–Banach
extension theorem to prove the existence results of the strong subgradient of vector-valued
functions. Yang [6] obtained a Hahn–Banach theorem for a convex relation (i.e., a set-
valued map with a convex graph) and used it to prove the existence of a weak subgradient
of set-valued maps which was different from the weak subgradient in [7]. Borwein [8] in-
troduced a strong subgradient of set-valued maps and proved its existence under convex
relation. Chen and Wang [9] proved a Hahn–Banach theorem by using Lemma 1 in [2] and
existence of a linear subgradient of set-valued maps. There are also many other forms of
Hahn–Banach theorems (see [11–15] etc.). In this paper, the notion of affinelikeness for
set-valued map is introduced and some properties of the affinelike set-valued map are pre-
sented. Then a new Hahn–Banach extension theorems which used a set-valued map instead
of a single-valued map as a dominating map for the K-convex set-valued maps is obtained.
This Hahn–Banach extension theorem and its Corollaries contain the Hahn–Banach exten-
sion theorems in [5,9,11] as special cases and are different from the results in [8].
Throughout this paper, let X, Y and Z be three real linear topological spaces, let K ⊂ Y
be a pointed closed convex cone and (Y,K) be a partially ordered linear space. The partial
order  on a partially ordered linear space (Y,K) is defined by y1, y2 ∈ Y , y1  y2 ⇔
y2 − y1 ∈ K . Let C be a nonempty subset of X. The algebraic interior of C is defined by
CorC = {x ∈ C | ∀x1 ∈ X, ∃δ > 0, s.t. ∀λ ∈ (0, δ), x + λx1 ∈ C}.
By X∗ and Y ∗ we denote the topological dual space of X and Y , respectively. Let L(X,Y )
be the space of continuous linear operators from X into Y . Let F :X → 2Y be a set-valued
map.
Definition 1.1 [10]. A topological vector space Y , partially ordered by a convex cone K ,
is order-complete if every subset M which has an upper bound b in terms of the ordering
(that is (∀y ∈ M), b − y ∈ K) then has a supremum bˆ (that is, there exists bˆ ∈ Y such that
bˆ is an upper bound to M , and each upper bound b to M satisfies b − bˆ ∈ K).
It is easy to prove the following result.
Proposition 1.1. Let (Y,K) be an order-complete topological vector space. Then, every
subset M which has a lower bound d in terms of the ordering (that is (∀y ∈ M), y−d ∈ K)
has a infimum dˆ (that is, there exists dˆ ∈ Y such that dˆ is a lower bound to M , and each
lower bound d to M satisfies dˆ − d ∈ K).
Definition 1.2 [7]. Let C ⊂ X be a convex set. A set-valued map F :C → 2Y is called
K-convex on C, if for every x, y ∈ C and λ ∈ (0,1),
λF(x) + (1 − λ)F (y) ⊂ F (λx + (1 − λ)y)+ K.
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if and only if EpiF = {(x, y) | x ∈ C, y ∈ Y, y ∈ F(x) + K} is a convex set. From [6]
and [8], we know that F :C → 2Y is called a convex relation if GrF = {(x, y) | x ∈ C,
y ∈ Y, y ∈ F(x)} is a convex set.
As a generalization of the vector-valued affine maps, we introduce the definition of the
affinelike set-valued map.
Definition 1.3. The set-valued map H :X → 2Y is called an affinelike map if there exists
a continuous linear map f :X → Y and a nonempty convex set M ⊂ Y such that H(x) =
f (x)+ M , ∀x ∈ X.
Proposition 1.2. If a vector-valued map f :X → Y is continuous at x0 ∈ X and ∅ 
=
M ⊂ Y , then the set-valued map F :X → 2Y is lower semicontinuous at x0, where
F(x) = f (x) + M , ∀x ∈ X.
Proof. Let y0 ∈ F(x0) = f (x0) + M . Then there exists m = m(y0) ∈ M such that y0 =
f (x0) + m, for arbitrary neighborhood N(y0) of y0, N(y0) − m is a neighborhood of
y0 − m = f (x0). From the continuity of f at x0, there exists a neighborhood of U(x0) of
x0 such that for all x ∈ U(x0), f (x) ∈ N(y0) − m. Hence f (x) + m ∈ N(y0), so F(x0) ∩
N(y0) 
= ∅. Therefore, F is lower semicontinuous at x0. 
Remark 1.2. From Proposition 1.2, we know that an affinelike map must be lower semi-
continuous.
Proposition 1.3. Let the set-valued map H :X → 2Y be an affinelike map. Then for all
α > 0, β > 0 with α + β = 1 and for all x, y ∈ X,
αH(x) + βH(y)= H(αx + βy). (1)
Proof. Suppose M is a convex set, it is obvious that αM +βM = M . Then the formula (1)
is satisfied from Definition 1.3. 
2. Hahn–Banach extension theorems of set-valued maps
In this section, a new generalized Hahn–Banach extension theorems in which a K-
convex set-valued map is dominated by an affinelike set-valued map in a nonempty convex
set is first proven. By this general result, we get some useful conclusions.
Theorem 2.1. Let X be a real linear topological space, and let (Y,K) be a real order-
complete linear topological space, and C ⊂ X be a convex set, let set-valued map F :C →
2Y be K-convex, and for all x ∈ C, F(x) 
= ∅. Let X0 be a proper subspace of X, with
X0 ∩ CorC 
= ∅. Let H :X0 → 2Y be an affinelike map such that F(x) − H(x) ⊂ K for
each x ∈ X0 ∩ C. Then there exists an affinelike map L :X → 2Y such that L(x) = H(x)
for all x ∈ X0 ∩ C, and F(x) − L(x) ⊂ K for all x ∈ C.
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= X0. Since X0 is a proper
subspace of X, there exists x0 ∈ X \ X0. Let X1 = {x + rx0: x ∈ X0, r ∈ R}. It is easy
to verify that X1 be a subspace of X, X0 ⊂ X1 and X1 ∩ CorC 
= ∅. Note that for a fixed
point xˆ ∈ X0 ∩ CorC, if |k| is sufficiently small, then xˆ ± kx0 ∈ X1 ∩ C. For arbitrary
x1, x2 ∈ X0 ∩ CorC ⊂ X1 ∩ CorC, if x1 + λx0, x2 − µx0 ∈ X1 ∩ C (λ,µ > 0), set α =
λ/(λ + µ), β = 1 − α = µ/(λ + µ), then α(x2 − µx0) + β(x1 + λx0) ∈ X1 ∩ C since
X1 ∩ C is a convex set. That is, αx2 + βx1 + (λβ − µα)x0 ∈ X1 ∩ C. By the definition of
X0 and λβ −µα = 0, we get αx2 +βx1 ∈ X0. So αx2 +βx1 ∈ X0 ∩C. By Proposition 1.3,
we have
αH(x2) + βH(x1) = H(αx2 + βx1). (2)
By Definition 1.2, there exists a continuous linear map f :X → Y and a nonempty convex
set M ⊂ Y such that H(x) = f (x) + M . From (2), we obtain
αf (x2) + βf (x1) + M = f (αx2 + βx1) + M = H(αx2 + βx1). (3)
And by the assumption, we get
F(αx2 + βx1) − H(αx2 + βx1) ⊂ K.
That is,
F
(
α(x2 − µx0) + β(x1 + λx0)
)− f (αx2 + βx1) − M ⊂ K. (4)
By the K-convexity of F , for all λ,µ > 0, if x1 + λx0, x2 − µx0 ∈ X1 ∩ C, then
αF(x2 − µx0) + βF(x1 + λx0) ⊂ F
(
α(x2 − µx0) + β(x1 + λx0)
)+ K. (5)
From (5) and (4),
αF(x2 − µx0) + βF(x1 + λx0) − M ⊂ F
(
α(x2 − µx0) + β(x1 + λx0)
)− M + K
⊂ f (αx2 + βx1) + K + K ⊂ f (αx2 + βx1) + K.
Therefore,
αF(x2 − µx0) + βF(x1 + λx0) − f (αx2 + βx1) − M ⊂ K. (6)
By (2), (3) and (6), we have
αF(x2 − µx0) + βF(x1 + λx0) − αH(x2) − βH(x1) ⊂ K.
Hence, for all λ,µ > 0, if x1 + λx0, x2 − µx0 ∈ X1 ∩ C, then
F(x1 + λx0) − H(x1)
λ
− H(x2) − F(x2 − µx0)
µ
⊂ K.
For some x1 ∈ X0 and λ > 0, taking y1 ∈ F(x1 +λx0), z1 ∈ H(x1), then, (y1 − z1)/λ is an
upper bound of the set {(H(x)− F(x − µx0))/µ | x − µx0 ∈ X1 ∩ C, µ > 0}. Since Y is
an order-complete linear space, there exists
yS ≡ sup
{
H(x)− F(x − µx0) ∣∣ x − µx0 ∈ X1 ∩C, µ > 0
}
.µ
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yI ≡ inf
{
F(x + λx0) − H(x)
λ
∣∣ x + λx0 ∈ X1 ∩C, λ > 0
}
.
Since yS  yI , then (yS + K) ∩ (yI − K) is a nonempty convex set. Taking a nonempty
convex set Y¯ such that Y¯ ⊂ (yS +K) ∩ (yI − K), then we have
F(x + λx0) − H(x)
λ
− Y¯ ⊂ K, if λ > 0, x + λx0 ∈ X1 ∩ C, (7)
Y¯ − H(x)− F(x −µx0)
µ
⊂ K, if µ > 0, x − µx0 ∈ X1 ∩ C. (8)
By (7),
F(x + λx0) −
[
H(x)+ λY¯ ] ⊂ K, if λ > 0, x + λx0 ∈ X1 ∩ C. (9)
By (8),
F(x − µx0) −
[
H(x)−µY¯ ] ⊂ K, if µ > 0, x −µx0 ∈ X1 ∩ C.
Let λ = −µ; we have
F(x + λx0) −
[
H(x)+ λY¯ ] ⊂ K, if λ < 0, x + λx0 ∈ X1 ∩ C. (10)
An extension of h to X1 is defined by
H¯ (x + λx0) = H(x)+ λY¯ , ∀x ∈ X0, λ ∈ R.
It is apparent that H¯ (x) = H(x), ∀x ∈ X0. From (9) and (10), we know that H¯ satisfies
F(x + λx0) − H¯ (x + λx0) ⊂ K, ∀x + λx0 ∈ X1 ∩C, λ ∈ R.
That is,
F(y) − H¯ (y) ⊂ K, ∀y ∈ X1 ∩C.
If X = X1, then the conclusion holds, otherwise, H¯ may similarly be extended to a
subspace of one higher dimension. The extension to L :X → Y with L(x) = H(x), ∀x ∈
X0 ∩C; F(x) −L(x) ⊂ K , ∀x ∈ C follows, by an application of Zorn’s lemmas, as to the
usual proof of the Hahn–Banach extension theorem. 
Example 2.1. By Lemma 2.1.2 in [17], a set-valued map F :C → 2Y is a convex relation
if and only if for every x, y ∈ C and λ ∈ (0,1),
λF(x) + (1 − λ)F (y) ⊂ F (λx + (1 − λ)y).
Hence, By Theorem 2.1, we have a new result of Hahn–Banach theorem for a convex
relation as follows.
Let X be a real linear topological space, and let (Y,K) be a real order-complete linear
topological space, and C ⊂ X be a convex set, let set-valued map F :C → 2Y be a convex
relation, and for all x ∈ C, F(x) 
= ∅. Let X0 be a proper subspace of X, with X0 ∩ CorC

= ∅. Let H :X0 → 2Y be an affinelike map such that F(x) − H(x) ⊂ K for each x ∈
X0 ∩ C. Then there exists an affinelike map L :X → 2Y such that L(x) = H(x) for all
x ∈ X0 ∩ C, and F(x) −L(x) ⊂ K for all x ∈ C.
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valued map f :C → Y and h :X0 → Y , respectively. Then, by Theorem 2.1, we have a
Hahn–Banach theorem for vector-valued map as follows.
Let X be a real linear topological space, and let (Y,K) be a real order-complete linear
topological space, and C ⊂ X be a convex set, let set-valued map f :C → Y be K-convex.
Let X0 be a proper subspace of X, with X0 ∩ CorC 
= ∅. Let h :X0 → Y be a continuous
affine map such that f (x)− h(x) ∈ K for each x ∈ X0 ∩C. Then there exists a continuous
affine map l :X → Y such that l(x) = h(x) for all x ∈ X0 ∩C, and f (x)− l(x)∈ K for all
x ∈ C.
This is Theorem 2 in [5].
Corollary 2.2. Let X be a real linear topological space, and (Y,K) be a real order-
complete linear topological space. Let C ⊂ X be a convex set and 0 ∈ CorC, let the
set-valued map F :C → 2Y be K-convex and for all x ∈ C, F(x) 
= ∅. If there exists a
nonempty convex set Y0 ⊂ Y such that F(0) − Y0 ⊂ K , then there exists an affinelike map
L :X → 2Y such that L(0) = Y0, and for all x ∈ C, F(x)− L(x) ⊂ K .
Proof. Let X0 = {0}. Then the result follows from Theorem 2.1. 
Corollary 2.3. Let X be a real linear topological space, and let (Y,K) be a real order-
complete linear topological space. Let C ⊂ X be a convex set, and x0 ∈ CorC, let the
set-valued map F :C → 2Y be K-convex, and for all x ∈ C, F(x) 
= ∅. If there exists a
nonempty convex set Y0 ⊂ Y such that F(x0)−Y0 ⊂ K , then there exists an affinelike map
L :X → Y such that L(x0) = Y0, and for all x ∈ C, F(x)− L(x) ⊂ K .
Proof. Let D = C − x0, then D is a convex set and 0 ∈ CorD. Let
F¯ (x) = F(x + x0);
then F¯ is a K-convex set-valued map on D. And by the condition, there exists a nonempty
convex set Y0 ⊂ Y such that F¯ (0)− Y0 ⊂ K . From Corollary 2.2, there exists an affinelike
map L1 :X → 2Y such that L1(0) = Y0, and for all x ∈ D, F¯ (x) − L1(x) ⊂ K . Hence,
L(x0) = Y0, and for all x ∈ C, F(x)−L(x) ⊂ K , where L(x) = L1(x−x0) is an affinelike
map. 
Definition 2.1 [6,8]. Let F :C ⊂ X → 2Y be K-convex, x0 ∈ C and F(x0) − y0 ⊂ K .
T ∈ L(X,Y ) is called a strong subgradient of F at (x0, y0) if for all x ∈ C and for all
y ∈ F(x), we have
y − y0 − T (x − x0) ∈ K.
Example 2.3. As an application of the Hahn–Banach theorem, we have a result as follows.
Let X be a real linear topological space, and let (Y,K) be a real order-complete linear
topological space. Let C be a convex set and x0 ∈ CorC. Let the set-valued map F :C →
2Y be K-convex, and for all x ∈ C, F(x) 
= ∅. If there exists a nonempty convex set Y0 ⊂ Y
such that F(x0) − Y0 ⊂ K , then for all y0 ∈ Y0, there exists a same strong subgradient of
F at (x0, y0).
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and for all x ∈ C, F(x) − L(x) ⊂ K . Then for some T ∈ L(X,Y ),
L(x) = T (x)+ M, ∀x ∈ X,
where M is a nonempty convex set. Then, L(x0) = Y0 = T (x0)+M , and M = Y0 −T (x0).
Hence,
L(x) = T (x − x0) + Y0, ∀x ∈ X,
and
F(x) − Y0 − T (x − x0) ⊂ K, ∀x ∈ C,
that is, ∀y0 ∈ Y0, ∀x ∈ C and ∀y ∈ F(x),
y − y0 − T (x − x0) ∈ K.
Hence, for all y0 ∈ Y0, T is a same strong subgradient for set-valued map F at (x0, y0).
Corollary 2.4. Let X be a real linear topological space, and let (Y,K) be a real order-
complete linear topological space, and C ⊂ X be a convex set, let set-valued map F :C →
2Y be K-convex, and for all x ∈ C, F(x) 
= ∅. Let X0 be a proper subspace of X, with
X0 ∩ CorC 
= ∅.
(1) If there exists a continuous affine map h :X0 → Y with F(x) − h(x) ⊂ K for each
x ∈ X0 ∩C, then there exists a continuous affine map l :X → Y such that l(x) = h(x)
for all x ∈ X0 ∩ C, and F(x)− l(x) ⊂ K for all x ∈ C.
(2) If there exists a continuous linear map T0 :X0 → Y with F(x) − T0(x) ⊂ K for each
x ∈ X0 ∩ C, then there exists a continuous linear map T :X → Y such that T (x) =
T0(x) for all x ∈ X0 ∩C, and F(x) − T (x) ⊂ K for all x ∈ C.
Proof. (1) By Theorem 2.1, there exists an affinelike map L :X → 2Y such that L(x) =
h(x) for all x ∈ X0 ∩C, and F(x)−L(x) ⊂ K for all x ∈ C. Suppose that h(x) = T0(x)+b
for all x ∈ X0 ∩ C, and L(x) = T (x) + M for all x ∈ C, where b ∈ Y is a fixed point of
Y and M is a nonempty convex set of Y , both T0 :X0 → Y and T :X → Y are continuous
linear maps. Since 0 ∈ X0 ⊂ X, then {h(0)} = {b} = L(0) = M . Hence, L :X → Y is also
a continuous affine map, and the result follows.
(2) In the proof of (1), let b = 0 ∈ Y ; then the result follows. 
Corollary 2.5. Let X be a real linear topological space, and let (Y,K) be a real order-
complete linear topological space. Let C ⊂ X be a convex set, let x0 ∈ CorC, and the
set-valued map F :C → 2Y be K-convex, and for all x ∈ C, F(x) 
= ∅. If y0 ∈ Y satisfies
F(x0) − y0 ⊂ K , then there exists a continuous affine map l :X → Y such that l(x0) = y0,
and for all x ∈ C, F(x) − l(x) ⊂ K .
Proof. By Corollary 2.3, there exists an affinelike map L :X → 2Y such that L(x0) = y0,
and F(x) − L(x) ⊂ K for all x ∈ C. Suppose that L(x) = T (x) + M for all x ∈ C, where
M is a nonempty convex set of Y and T :X → Y is a continuous linear map. So there is a
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a continuous affine map, and satisfying l(x0) = y0, and for all x ∈ C, F(x)− l(x) ⊂ K . 
Remark 2.1. On one hand, Theorem 2.1 and Corollary 2.4(1) generalize Theorem 2 in [5]
from single-valued case to set-valued case. On the other hand, Corollary 2.3 and Corol-
lary 2.5 also generalize Theorem 3 in [5] from single-valued consideration to set-valued.
Remark 2.2. Theorem 1 in [9] is a special case of Corollary 2.4. If F :X → 2Y is replaced
by a single-valued map, then Corollary 2.4(2) contains Theorem 2 in [11] as a special case.
Remark 2.3. Let y0 = F(x0). From Corollary 2.5, we have the following result.
Let X be a real linear topological space, and let (Y,K) be a real order-complete linear
topological space. Let C be a convex set and x0 ∈ CorC, let the set-valued map F :C →
2Y be K-convex such that F(x0) be a single point, and for all x ∈ C, F(x) 
= ∅. Then
there exists a continuous affine map l :X → Y such that l(x0) = F(x0), and for all x ∈ C,
F(x) − l(x) ⊂ K . In particular, if C = X, we recover Corollary 2 in [9].
Remark 2.4. By Remark 1.2, we know that Corollary 2.5 are different from Proposition 2.4
in [8] which is a Hahn–Banach extension theorem with convex relation and lower semi-
continuous of F .
Remark 2.5. The following notations were used in [2,6,8,9]:
A B ⇔ a  b, ∀a ∈ A, b ∈ B,
A b ⇔ a  b, ∀a ∈ A,
where A and B are two sets in Y .
It is easy to see that y1  y2 ⇔ y2  y1, and
A B ⇔ A − B ⊂ K,
A b ⇔ A − b ⊂ K,
where B −A denotes the set {b− a | a ∈ A, b ∈ B}, A− b denotes the set {a − b | a ∈ A}.
So we use A − b ⊂ K (A− B ⊂ K) instead of A b (A B) in this paper.
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